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Abstract

More than twenty years ago, Baouendi and the first author proved that a holomorphic
map between hyperquadrics of the same signature is either totally degenerate or has a non-
vanishing normal derivative for its normal component. This established a CR analogue of
the classical Hopf lemma in arbitrary codimension, in the absence of pseudoconvexity. They
further conjectured that the same Hopf-type property holds for holomorphic maps between
Levi-nondegenerate hypersurfaces of the same signature. In this paper, we provide a coun-
terexample to this conjecture in full generality. We also prove the conjecture when the target
hypersurface is a hyperquadric of any codimension, arguably the most important case for
applications.

1 Introduction

Let M; € C" and My C CV be connected smooth CR hypersurfaces, where 2 < n < N. Let
F be a holomorphic map defined in a neighborhood U C C" of M; such that F(M;) C Ms.
A fundamental problem in the study of holomorphic mappings between real hypersurfaces is to
determine when F' is CR transversal. More precisely, for p € M7, we say that F' is CR transversal
to My at p if
Ty Ma + dF, (T, °C") = Ty €V,

Roughly speaking, CR transversality amounts to the nonvanishing of the normal derivative of
the normal component of F'.

The transversality problem has been extensively studied in the literature, particularly in con-

nection with regularity and rigidity questions for CR mappings in several complex variables.
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When the target hypersurface is strongly pseudoconvex, CR transversality follows by composing
the map with a plurisubharmonic defining function and applying the classical Hopf lemma. For
this reason, CR transversality is sometimes referred to as the CR Hopf lemma property. When
the map is assumed to be holomorphic only on one side of the source hypersurface, CR transver-
sality is, in many important settings, equivalent to a boundary unique-continuation problem for
holomorphic maps [5]. This problem has been actively studied from the perspectives of both
partial differential equations and several complex variables. Related results may be found, for
example, in the work of Huang and Krantz [25], Baouendi—Rothschild [6, 7, 8], Baouendi-Huang—
Rothschild [4], Berhanu [10, 11], Berhanu-Hounie [12], and others.

In the equidimensional case n = N, contributions were made by Fornaess [18], Baouendi-
Rothschild [5], Ebenfelt—Rothschild [15], Huang [23], Isaev [21, 22|, Huang—Pan [26], among
others. For discussions of the connections among unique continuation for solutions of partial
differential equations, the boundary Hopf lemma, and CR transversality, we refer the reader to
the recent comprehensive survey article by Berhanu [9].

In higher codimension, Baouendi-Huang [3] proved a somewhat surprising rigidity theorem for
mappings between hyperquadrics of the same positive signature. Based on this new rigidity, they
proved that a holomorphic mapping between hyperquadrics of the same signature is either CR
transversal or maps a full neighborhood of the source into the target hyperquadric. Baouendi—
Ebenfelt—Rothschild [2] subsequently proved, in a more general setting, that CR transversality
holds on an open dense subset under suitable hypotheses. We also mention the related works
of Baouendi-Ebenfelt-Huang [1], Mir-Lamel [35] and Ebenfelt-Son [16]. We refer the reader to
Rothschild [33] for a detailed historical account of such problems and many references.

The rigidity and transversality theorems of Baouendi-Huang [3] led them to pose the following

question:

Conjecture 1.1 (Baouendi-Huang, 2005). Let My C C" and My C CV be connected, Levi-
nondegenerate, real-analytic hypersurfaces of the same signature ¢, where 0 < £ < (n —1)/2 and
3<n < N. Let F be a holomorphic map defined in a neighborhood of M, such that F(My) C Ms.
Then either F is a local CR embedding of My into Ma, or F is totally degenerate, in the sense
that it maps a neighborhood of My in C™ into Ms.

For Levi-nondegenerate hypersurfaces of the same signature, CR transversality of F' at a point
is equivalent to F' being a local CR embedding near that point. The hyperquadric-target case
of the above problem has received particular attention in connection with rigidity and extension
problems. Recall that the standard hyperquadric of signature ¢ in CV is

Hévz{(Z,W)GCN_GC:ImW:|Z|%}, (1.1)



where (a,b); = — Z§:1 ajbj + Z;V:_ZL ajb; and |a|? = (a,a).

The first progress toward the conjecture in this setting was obtained by Huang—Zhang [28, 29],
who proved the transversality for holomorphic mappings F' : My — Hév when M, C C" is a smooth
Levi-nondegenerate hypersurface of signature ¢ under the codimension restraint N—n < (n—1)/2.
The proof combines a scaling method, a quantitative version of a lemma of the first author with
a detailed normalization and weighted jet analysis. More recently, Huang—Zhu [30] generalized
this result and proved the same conclusion under the larger codimension range N —n < n — 1.
Thus the remaining issue in the hyperquadric-target case is whether the codimension restriction

can be removed altogether. The main result of this paper gives an affirmative answer.

Theorem 1.2. Let My, C C", n > 3, be a smooth Levi-nondegenerate hypersurface of signature
¢, where 0 < £ < (n—1)/2, and let p € My. Suppose that F' is holomorphic in a neighborhood of p
and sends My into Hév, N > n. Then either F' is CR transversal at p, or F' maps a neighborhood
of p in C™ into Hév. FEquivalently, if F' is not totally degenerate as a germ at p, then it is a local
CR embedding near p.

Here the last assertion follows from the standard Levi-form identity for a CR transversal map
between Levi-nondegenerate hypersurfaces of the same signature: transversality implies that the
differential is injective on the CR tangent space, and hence F' is a local CR embedding. The
hyperquadric structure of the target enters Theorem 1.2 in an essential way. Indeed, we will
show that the transversality asserted in Conjecture 1.1 fails when the target is an arbitrary Levi-
nondegenerate hypersurface of the same signature, and Theorem 1.2 is sharp in this respect; see
Example 2.1.

We briefly describe the main idea of the proof. The basic tool remains the scaling method, as in
[29, 30]. However, the scaling used here differs fundamentally from that in [29, 30]. In those works,
we used the standard Heisenberg scaling, which is isotropic and elliptic in the complex tangential
directions. To obtain convergence under such a scaling, one needs very precise normalizations
and quantitative jet estimates, relying essentially on the results of Mir, Meylan-Mir-Zaitsev and
Ebenfelt-Huang-Zaitsev [34, 36, 14].

In the present work, we use a substantially different hyperbolic non-isotropic scaling combined
with the Heisenberg dilations. At a nontransversal point, the mapping equation takes the form
pry © F = apy,, where the p’s are defining functions and a is real-analytic and vanishes at
the point under consideration. Assuming that F' is not totally degenerate, we examine the first
nonzero weighted term of a. The corresponding low-order terms of the tangential component of
F satisfy a family of orthogonality relations with respect to the target Levi form. These relations



yield an adapted Witt decomposition of the target space associated with a totally isotropic
subspace.

Moreover, the dimension of this isotropic subspace is bounded by the Levi signature ¢, and is
therefore independent of the codimension N — n. The key new idea of this paper is to combine
hyperbolic non-isotropic dilations in U (N — 1, /), arising from the Witt decomposition associated
with F', with Heisenberg dilations. This enables us to rescale F' and obtain a limit map

Fy: H} — HY

that is not CR transversal at the point under consideration. The Baouendi-Huang theorem then
implies that Fip must be totally degenerate. Finally, the limiting mapping equation implies that
F itself is totally degenerate.

Non-isotropic dilations in CR-tangential directions have previously been used by several au-
thors; see, for example, Huang and Yin [27], and, subsequently, the first author with James and
Li [24]. Geometrically, non-isotropic scaling may be viewed as scaling along tangential orbits,
and has proved to be a powerful tool. However, the non-isotropic dilations considered in [27, 24|
are not hyperbolic, since the settings in those works are pseudoconvex. In a recent elegant paper,
Fang [17] successfully used hyperbolic non-isotropic dilations in SO(n,C), as suggested by the
first author, to resolve an old problem of Morimoto and Nagano.

2 A counterexample to the original conjecture

In this section, we construct the following example in which M; and M, are real-analytic Levi-
nondegenerate hypersurfaces of the same signature £ = 1, while the holomorphic mapping F' is
neither CR transversal at the origin nor totally degenerate. Thus the corresponding transversality
statement fails for a general Levi-nondegenerate target hypersurface. In particular, this example
shows that the hyperquadric structure of the target is essential in Theorem 1.2.

Example 2.1. Let My = {(z,w) € C*: p; = Im w + |21|> — |22|> — |23]> = 0}, and My =
{(Z,W)eC®: py=Tm W +|Z1|? — | Zo|? — | Z3|* — | Z4|? + 2| Z1|%| Z2|? = 0}. For A\(# 0) € C, we

zZ1 . . . . 4
set fi = ———. Consider the holomorphic map F', defined in a neighborhood of 0 € C*, b
A NIEESY i phic map fi ig f Y
2(z9 + \) 223 1+ iw — 220X — |A|?
F = 1, . ~ 2f17 . ~ 2 1, . ~ 2f17 .
1 —dw + 229\ + || 1 —idw + 229\ + || 1 —dw + 229\ + ||



Then a direct computation gives

p2oF = 2zl Pl
|22 + A2|1 — iw + 220\ + |)\|2|2

Hence F(My) C Ms, while F' is neither CR transversal at 0 nor totally degenerate.

3 Witt decomposition for an indefinite Hermitian form

In this section, we collect several elementary facts, especially the Witt decomposition, concerning
indefinite Hermitian spaces that will be used in the proof. (See, for instance, [31, Chapter XV][37,
Chapter 7] for the Witt decomposition.)

Let CN~1 be equipped with the non-degenerate Hermitian form

l N-1
(Z,E)y ==Y ZZ;+ > ZE,
j=1 j=l+1

of signature (¢, N — 1 —£). A vector v € CN=1\ {0} is called dsotropic if (v,v), = 0. A complex
linear subspace W  CN~1 is totally isotropic if (v,w)y = 0 for all v,w € W. In particular, every
nonzero vector in a totally isotropic subspace is isotropic.

Notice that the elementary dimension bound for a totally isotropic subspace W is dim¢ W <
min{¢, N —1—¢} (see for example [31, 37]). We now introduce a form of the Witt decomposition
adapted to a totally isotropic subspace [37]. This formulation is important for us to set up the non-
isotropic rescaling argument used in our proof. For subspaces V, W € CN~!, we write V 1, W if
they are orthogonal with respect to (-,7),. A subspace E C CV~! is said to be nondegenerate if
the restriction of the Hermitian form (-,-), to E is nondegenerate, or equivalently, ENE"*¢ = {0},
where E¢ is the orthogonal complement of E with respect to (-,),.

Lemma 3.1. Let W C CN7! be a totally isotropic subspace of dimension q¢ > 1, and leteq, ..., €q
be a basis of W. There are vectors €, ..., ey such that
(€ar €30 = bap; (€ €300 =0, (3.1)

for1 < a,B <q. Setting W' = span{e},...,e} and E = (W & W')Le, then
CNl=weWaE, (3.2)

where F is nondegenerate.



Proof. For convenience of the reader, we sketch a proof of this lemma [31, 37] as follows: Choose
a linearly independent set ui,...,uq with (eq,ug)¢ = dop, and set Haﬁ = (Uq,Ug)s. Define
el =1Uy— % by H zes, one verifies that (e, €,), = 0. Hence W' is totally isotropic. The sum
W+ W' is direct: if v = 3=, caea = 35 dgejs, then pairing with €., gives ¢, = 0 for all v because
W' is totally isotropic. In the basis (e1,...,eq, €], .., €,), the matrix of (-,~), restricted to W oW’
is ( 1(1 Ig), which is invertible; hence W & W' is nondegenerate. Its orthogonal complement E is
therefore nondegenerate, and (3.2) follows. O

With respect to (3.2), every vector Z € CV~! has a unique decomposition

q q
Z = Z Talo + Zyae'a + Zg,
a=1 a=1

where Zg € E. Moreover, it follows from (3.1) that 24 = (Z, €.}, Yo = (Z,€a)¢, and (Z,Z); =
Zgzl(xaya + YaTa) + <ZE77E>E-

Denote by U(N — 1,/¢) the indefinite unitary group preserving the Hermitian form (-,*), on
CN~—1. The following classical hyperbolic non-isotropic dilation in U(N — 1, £), expressed in Witt
coordinates (see [20]), will play a fundamental role in our proof. Related non-isotropic dilations

have also been used in other contexts; see, for example, Gao—Ng—Seo [19] and Broussous—Stevens
[13], etc.

Lemma 3.2. Let \1,...,\; > 0. Define a linear transformation A : CN=1 5 CN=1 by Aey =
Aaa, Nel, =M tel,, and Al =1. Then A € U(N — 1,4).
Proof. Let

q q q q
Z:Z$a6a+zyaeg+ZE7 E:Z£a€a+zna€;+EEa
a=1

a=1 a=1 a=1

with Zp,Zg € E. Then (Z,Z), =%, (a:anj+ yag) +{Zg,ZE)¢. Since A\, > 0, we have

[1]]

B

<AZ, E>Z = (Aaqf'aAElna + )‘;lyo)\a§()¢> + <ZE75>€ = <Z7 >E~

a=1

Thus A preserves the Hermitian form. ]



4 Proof of the main theorem

In the proof of the main theorem, the subspace W will arise from the coefficient vectors of the low-
weighted terms in the tangential component of the mapping. The orthogonality relations among
these terms imply that W is totally isotropic. We then choose a basis {e,} of W adapted to the
weighted filtration and apply a hyperbolic, non-isotropic rescaling composed with the Heisenberg
scaling to reduce to mappings between hyperquadrics in [3]. We assume, after replacing ppz, by
—py, and permuting the z; if necessary, that the number of negative Levi eigenvalues equals
(< (n—-1)/2.

Proof of Theorem 1.2: We first consider the case when M, C C" is a real-analytic Levi-nondegene-
rate hypersurface of signature ¢, where 0 < £ < ”T_l After choosing normal coordinates at the
origin (see, for example, [29]) and assigning the usual weights wt(z;) = 1, wt(w) = 2, we write a
real analytic defining equation of M, to be

pum, (z,w, Z,0) =Im w — (2,2) + Owt(4)

near the origin, where (z,z), = —Zﬁzl 2iZj + Z;‘;}H zjzj. Since the group Aut(HJ)) acts
transitively on Hév , after composing F' with a suitable o € Aut(HéV ), we may further assume that
F(0) = 0. Thus F = (f,g) : (C*,0) — (CV,0) is a germ of a holomorphic mapping such that
F(My;) C HY. For the target HY, it has defining function (1.1). Then there exists a real-analytic
function a such that

pu(F(z,w), F(z,w)) = a(z,w, zZ,w)pnm, (2, w, Z, ). (4.1)

Moreover, the mapping F' is CR transversal at the origin precisely when a(0) # 0.
Supposing that a(0) = 0, we seek to show that a = 0. Namely, F' maps a full neighborhood
of the origin into Hév . Assume by contradiction that a # 0. Let r := Ordyta > 1 and write

a=a" 4 Oui(r+1), am £ 0.

Here, a™ is a weighted homogeneous polynomial of weighted order 7.

We first complexify (4.1). Let (z,w) and (), 7) be independent variables in C"~! x C, with x
and 7 assigned weights 1 and 2, respectively. We write f(x,7) and g(x,7) for the holomorphic
functions obtained by conjugating the coefficients of f and g. Similarly, let A and R be the
complexifications of a and pys,. Then

(Z7w)_7( aT) n
P BN (few). f

(X,T)>E = A(z,w,x,7)R(z,w, x, T). (4.2)

7



Here

w—T
R(Z7w7X7T) = T - <Z7X>é + OWt(4)

Since OrdytA = r and Ordy R = 2, the right-hand side of (4.2) has weighted order at least r + 2,
which implies

g(z7w)_§(Xa7-) _<f(z,w)’f(Xa7')> =0, (43)

23

where the superscript (< r + 2) denotes the sum of all monomial terms of total weighted degree

(<r+2)
J

strictly less than r + 2.
Write f = 37,51 f®) and g = o>t g™, where f®) and ¢() are homogeneous of weighted

degree v. Since F'(0) = 0, the Hermitian product (f(z,w), f(x,T))¢ contains no purely (z,w) or
(x,7) terms. Taking in (4.3) the terms independent of (x,7), we get

g =0, v<r+2. (4.4)

Fix integers ¢,j > 1 with i + 7 < r + 2. Consider in (4.3) the component having weighted degree
i in (z,w) and weighted degree j in (x, 7). It follows from (4.4) that

(10zw). fP0m)), =0, itj<r2 (4.5)

For each 7 > 1, write

FD(z,w) = Z Vapz WP

|| +2p=i

From (4.5), we have

Z (vap,%>€zawpxﬁ7q20, i+ <r+2.
|a|+2p=i,
|8+2q=3
Since the monomials z*wPx?77 are linearly independent, we obtain

(Vap,UBg), =0 whenever |a|+2p+ |B]+2¢ <r+2. (4.6)

For each j > 1,let V; C CN—1 denote the complex linear span of all coefficient vectors occurring
in fU). Equation (4.6) says that

Vi L¢V; whenever i+ j <r+2. (4.7)

Set W =3 i(r42)/2 Vj- Then W is a totally isotropic subspace of CN=! with the Hermitian form
(+,7)¢ of signature £. Note that ¢ := dim¢ W < £.



For each integer s < (r+2)/2, set Wy := > j<s Vj- Choose a basis ey, ..., e, of W adapted to

this filtration. Thus for each « € {1,--- , ¢}, there exists an integer u, < (r + 2)/2, such that
fo = min{s : e, € Wi}, W, = span{eq : fio < s}. (4.8)

If W = 0, all sums below are empty, E = CVN~1, and A; = I. Otherwise, apply Lemma 3.1 and
write CN=1 = W @ W' @ E, with dual isotropic basis e}, ..., ey~ Decompose

q q
f=> Tata+ > yath+h, hEE, (4.9)
a=1 a=1

where x4, Yy, are scalar valued holomorphic functions while h is an E-valued holomorphic map-
ping, with
To = < 7eéy>£7 ya: <f7@>@7 a:17"'7Q' (410)

We now estimate the orders of the three parts in (4.9). If j < i, then V; C W), _1 and the
adapted dual basis gives (V;, €/ )y = 0. Hence Ordytxa > pa. Since V; C W for j < (r+2)/2, the
E-component of f(j) vanishes for all such j. In view of (4.9), it follows that the E-component
satisfies Ordyth > [(r+2)/2], where [2] denotes the smallest integer greater than or equal to x.
Moreover, e, € W, and (4.7) implies V; L, W, when j+pq < r+2. Thus Ordwya > 7+2— jtq.

Altogether, we have proved

2
Ordwitza > fla, Ordywtya > 7+ 2 — i, Ordyih > (T +

]. (4.11)

The point of (4.11) is that the two isotropic directions occur at complementary weights. They
can therefore be rescaled by reciprocal powers without changing the target Levi form. For ¢t > 0,
define a hyperbolic non-isotropic scaling transformation A;, adapted to this Witt decomposition,
of CN~1 by

Aey = t%_““ea, Nl = t_(%ﬁ_““)e;, Mg =1 (4.12)

Let 6;(z,w) = (tz,t*w) and set
filzow) = T NS (b2 20), gz w) = D g(tz, ). (4.13)

We claim that F} = (fi,g:) converges locally uniformly as ¢ — 07. Indeed, from (4.9) and
(4.12), we have

q q
ft = Z tiuo‘%a((st)ea + Z ti(T+27‘u’a)ya((5t)€/a + f%?h((&)

a=1 a=1



By (4.11),
t7Hex, (0r) — x((x”“), t—(r+2—ua)ya(5t) _ yc(f”_””‘)

locally uniformly. Moreover,

W) 2 e,
3 h(5;) — 2
0, 2 ¢ N.

On the other hand, (4.4) gives Ordytg > r 4+ 2, and hence
t—(r+2)g(6t) N g(’l‘+2)

locally uniformly. Therefore F; = (fi, g;) converges locally uniformly to a holomorphic polynomial

map Fy = (fo, go), where

pr+2)/2) 112 ¢ N
0, $2 ¢ N,

q
f0:Zx eaJrZy(7~+2 Ha)g! +{
a=1

g0 =g"*?.

We next compute pyy o Fy. Since A; € A(¢, N —1) preserves the target Hermitian form, (4.13)

gives the exact identity

- 2
ppn o Fy = Im(t_(r+2)g o 525) — ‘t_%zAt(f o 5,5)‘
¢ ’ (4.14)
=~ (+2) (Im(g 0 &) —|fo 5t|§) =t pyn (F o dy).
By (4.1), we have
pay 0 Fy =t~ a(8,)par, (00) = (7 a(00)) (£ 2001, (61) ) - (4.15)

Since t"a(d;) — a™ and t=2ppy, (0;) — pup as t — 0%, where puy (Z,W) = Im w — (z,2).
Passing to the limit in (4.15) gives

Py (Fo) = ™ pry. (4.16)

In particular, Fo(Hj}) C Hév On the other hand, since go = ¢"*? and r 4+ 2 > 3, no term of go
has weighted degree two. Since w has weighted degree two, we have (go),(0) = 0. We now apply
the arbitrary-codimension rigidity theorem of Baouendi-Huang [3, Theorem 1.6(ii)] for mappings
between hyperquadrics of the same signature to Fy. It follows that Py o Fy = 0. Equation (4.16)

10



then gives a() puy = 0. Since prp is not identically zero, a(™ =0, a contradiction. Hence a = 0,
and the theorem is proved when M, is real analytic.

Now suppose that M is only smooth. If F' is not totally degenerate as a germ at p, then
pr o F' is a nonzero real-analytic function germ. Its zero set X = {pg o F = 0} is a real-
analytic variety with dimg X, < 2n — 1. Since M, C X, we also have dimg X, > 2n — 1. Thus
dimpg X, = dimg M; = 2n — 1. By Malgrange’s theorem [32, Proposition 3.11], the germ of M,
at p is real analytic. The result just proved applies and completes the proof. O

We conclude the paper with a remark concerning the proof of Theorem 1.2.

Remark 4.1. The hyperquadric structure of the target is essential for the preceding rescaling
argument. Indeed, for a general real-analytic Levi-nondegenerate target written in Chern-Moser
normal coordinates as

po(Z, W) =ImW — |Z|? + ®(Z,Z,Re W), ® = Owi(4),

the hyperbolic non-isotropic dilation Ay may magnify certain terms in ®. The same conclusion
nevertheless holds when ®(Z,Z,Re W) = ¢(|Z|3,Re W), where (s, u) is real-analytic near the
origin and vanishes to order at least two. In fact, the preceding argument gives Ordyt g > r+2 and
Ordyt | f2 > 7+ 2. Since p(s,u) = O((|s| + |u|)?), it follows that Ordys (| f|7, Reg) > 2(r + 2),
and hence this term vanishes in the rescaling limit. Thus the limiting identity is again (4.16),
and the preceding proof applies. Thus, the U(N — 1,0)-symmetry of the target is crucial for
establishing transversality.
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